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Optimal Placement of Piezoelectric Actuators
for Active Noise Control

Vasundara V. Varadan,¤ Jaehwan Kim, ² and Vijay K. Varadan¤
Pennsylvania State University, University Park, Pennsylvania 16802

Optimal placement and size of disk-shaped piezoelectric actuators is studied to reduce the radiation of sound

into the space abovea plate structure when excited by an acoustic pressure ® eld produced by a noise source located
below the plate. Finite element modeling is used to simulate the piezoelectric active structure. The objective of the

optimization procedure is to minimize the sound energy radiated onto a hemispherical surface of given radius,
and the design parameters are the locations and sizes of the piezoelectric actuators, as well as the amplitudes

of the voltages applied to them. To allow for variations in the locations of piezoelectric actuators on a ¯ at plate,
an automatic mesh and boundary condition generation program is developed based on the idea of moving mesh

templates for complicated regions near piezoelectric actuators. This new contribution enables the optimal design
of active plate structures for noise control problems. Numerical results of the optimal design at the resonance and

off-resonance frequencies show remarkable noise reduction, and the optimal locations of the actuators are found
to be closer to the edges of the plate. The optimized results are robust such that when the acoustic pressure loading

is changed, the radiated sound is still reduced. The robustness of the design is studied by ® xing the position of the
actuators and optimally adjusting the actuator voltages to obtain broadband noise reduction.

Nomenclature
BSIDE = size parameter of the mesh template
b = design variable vector
bi = i th design variable
c = wave speed of the acoustic medium
F = point force on the structure
gi = i th inequality constraint
IX1CH, IX2CH, = attribute arrays of the discretized points in
IY1CH, IY2CH the automatic mesh generation
Kuu = stiffness matrix of the structure and the

piezoelectric actuators
Ku } = piezoelectric coupling matrix
K } } = dielectric stiffness matrix
k = wave number in the acoustic medium
L i = upper bound of i th design variable
M = mass matrix of the structure and the

piezoelectric actuators
NOX = number of points on the x axis

for the mesh generation
NOY = number of points on the y axis

for the mesh generation
p(r) = acoustic pressure at the observation point r

on the hemisphere
R = j r ¡ rs j
r = location of the observation point on the

hemisphere
rs = location vector on the surface S
r1 = radius of ® rst piezoelectric element
r2 = radius of second piezoelectric element
S = top surface of the structure
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s = state variable vector
t1 = thickness of ® rst piezoelectric element
U = nodal displacement of the structure and the

piezoelectric actuators
Ui = lower bound of i th design variable
u(rs ) = normal displacement at point rs on the

surface S
Wtot = total radiated sound power
X1PT, X2PT, = arrays that represent the discretized points
Y1PT, Y2PT on x and y axis for the mesh generation
X3PT = discretized points at the interface boundary

for the mesh generation
x01 = x coordinate of ® rst piezoelectric element
x02 = x coordinateof second piezoelectricelement
y01 = y coordinate of ® rst piezoelectric element
y02 = y coordinateof second piezoelectricelement
h , u = angles of the observation point r on the

hemisphere
q = density of the acoustic medium
U = nodal values of the electrical potential
W = objective function in optimal design
w 1 = amplitude of applied voltage on the ® rst

piezoelectric element
w 2 = amplitude of applied voltage on the second

piezoelectric element
x = excitation frequency of the noise

Introduction

M UCH researchhasbeendoneon methodsfor combatingnoise
pollution caused by structures such as automobiles, aircraft,

andbuildings.In controllingnoise,thereare two distinctapproaches:
passive and active methods. Passive approaches are based on the
design of material properties or shapes of the structure so as to
minimize radiated noise. Exploitingdamping layers in the structure
is a good example in passive noise control.1 Recent advances in
computing resources and optimization procedures have made nu-
merical optimization feasible for complex structures using active
techniques.2 , 3

Smart materials or structures have emerged as promising active
techniques to reduce the radiated sound ® eld. In such structures,
piezoelectricceramicsarewidely used as activedeviceson the struc-
tures.Much researchhas been done analyticallyand experimentally
for piezoelectricactive, adaptive, or intelligentstructures.4±8 How-
ever, the design of smart structures for minimal sound radiation is a
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multidisciplinary and challenging problem, which involves a com-
plex model of the structurewith activedevicesmade of piezoelectric
materials, understandingof structural acoustics, and large numbers
of parameters that affect the active system performance.

Many factors affect the performance of the smart system, for
example, the number, sizes, locations, and voltages applied to the
actuators.Thus, efforts to optimize these parameters are essential to
increase the performanceof the system. One of these efforts is opti-
mal placement of the actuators, which has been studied for the last
two decades.9±14 Some papers have dealt with the optimal location
of distributed actuators.12±14 Clark and Fuller13 studied the loca-
tion of a piezoelectric actuator and both the size and location of a
polyvinylidene¯ uoride (PVDF) sensor for active structuralacoustic
control.Wang et al.14 have presented a formulationof the optimiza-
tion problem for the placement and sizing of piezoelectric actua-
tors in adaptive least mean square (LMS) control systems. Besides
the optimal location, the optimal size of the piezoelectric actuators
and sensors must be investigated to achieve genuine performance
improvement. However, it is not so easy to ® nd the optimal con-
® guration of the piezoelectric active structures. For radiated struc-
turalnoisecontrol,piezoelectricactivestructurecouldhavedifferent
optimal con® gurations at different frequencies, for example, reso-
nance and off-resonance frequencies. This means that the size and
the location of the actuator should be carefully con® gured because
the con® guration cannot be changed if the excitation frequency is
changed. Only the voltage applied to the actuator can be adjusted
in practice. Thus optimal placement of the actuator should result in
broadband performancewith respect to radiated noise control.

According to the previous study,15 , 16 with an optimal con® gu-
ration for a single piezoelectric actuator, a remarkable reduction of
the radiatednoise was observedfor a moderate frequencyband.The
sound radiation of the structure at the ® rst few natural frequencies
can be controlledby changing the voltage applied to a single piezo-
electric actuator. To control radiation at higher frequencies, the use
of multiple piezoelectric actuators is suggested. Therefore, this pa-
per deals with optimal design of the multiple piezoelectricactuators
with plate structure for reducing radiated noise for a higher range
of frequencies.

Rectangular piezoelectric actuators that are easy to model are
used most often. But it is known that circular disk-shaped actuators
producea higher bendingmoment in the radial direction, which has
advantages in controlling the vibration of plate structures. In mod-
eling plate structure with piezoelectric devices, many approaches
have been proposed: pure bending deformation model,17 symmet-
rical piezoelectric thick shells model in ® nite element analysis,18 a
hybrid equivalent single layer theory19 or layerwise theory,20 and
the ® nite element method by using three-dimensionalpiezoelectric,
transition, and shell elements.21 Within these modeling approaches,
it is advantageous to use the ® nite element method because this
method can be used for any structures and anisotropic materials,
like piezoelectric media, with very good accuracy. Therefore, in
this paper, the ® nite element method21 is used.

Fig. 1 Plate structure with PZT actuator in an in® nite baf¯ e.

When several piezoelectricactuators are consideredand we wish
to change their location on the plate, a special automatic mesh gen-
eration is necessary. When the locations of the devices are moved
during the optimization process, the ® nite element mesh has to be
automatically generated. Commercially available mesh generation
packages are not suitable for this problem because electric bound-
ary conditions on the piezoelectric devices are complicated and it
is dif® cult to generate these conditionsduring the optimizationpro-
cess using generalmesh generationprograms.The mesh generation
program has to be closely linked with the analysis program and the
input parameters. For example, dimensions of the plate and loca-
tions and size of piezoelectric devices have to be conveyed to the
mesh generation program, which need special program links and
consume much computation time. To cope with these features, a
new program for automatic mesh generation has been developed
that is customized for arbitrary locationsof piezoelectricdevices on
¯ at plate structures.

To date, in most active structural acoustic control studies point
loading of the structure is consideredand this is not realistic. Noise
distribution on the structure is hard to determine in a practical situ-
ation because there is interaction between the structure and the sur-
rounding acoustic medium. To ® nd the actual structural response,
the structure, the acoustic medium that surrounds the noise source,
and the structure with appropriate boundary conditions should be
included in the analysis. This results in a complicated problem.
The actual acoustic pressure distribution on a structure may not be
known in many practicalapplicationsand it may also be highly vari-
able.But if thedesignof a smart structureis robustformanydifferent
patterns of acoustic loading, the performance may be acceptable in
practice.Therefore,Kim et al.15 and Varadanet al.16 have considered
acousticpressureloadingin a comparativemanner:a loadingpattern
is used, and after optimal design is performed, different patterns of
acoustic loading, all of which have the same total input power, are
examined to see the robustness of the resultant optimal design. In
this paper, the same method is adopted but for multiple actuators.

This paper aims at the reductionof radiatednoise from piezoelec-
tric active structures in higher bands of frequencies by optimally
designing the location of piezoelectricactuators. Two piezoelectric
actuators are considered, and not only the location and the applied
actuator voltage but also the thickness and radius of the actuators
are optimally designed. Figure 1 shows the geometry of the prob-
lem. A ¯ at plate structure is built into an in® nite baf¯ e, and the
plate is excited by a noise source below the plate. The ® nite ele-
ment method is used to model the actuators and the plate structure
taking into account all the relevant dynamical ® elds in the piezo-
electricactuatorsand the structure.This method uses a combination
of three-dimensional piezoelectric, transition, and shell elements.
The distribution of the acoustic loading on the plate is assumed to
be a constant or of a given functional form. This distribution is con-
verted into an equivalent nodal force distribution on the structure.
The structuralresponseis computedwith the acoustic loadingon the
plate structureand an rf voltage applied to the piezoelectricactuator
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by using the ® nite element method. At this stage, the effect of an
in® nite acousticmediumabove the plate is assumed to be negligible,
and traction-freeboundary conditions are applied to the top surface
of the structure. The acoustic ® eld radiated into the exterior region
is then computed using a Helmholtz integral representation.For the
calculation of the integral representation, the surface nodal values
of the displacement resulting from the ® nite element method are
used. An optimization technique is used to minimize the radiated
sound by rearranging the sizes and the locations, as well as the am-
plitudes, of the voltages applied to the actuators. The minimizing
cost function is the integrated value of the radiated sound energy
on a hemisphere of desired radius whose base includes the struc-
ture. After ® nding an optimal design con® guration, several kinds of
acoustic loading distributionsare examined to check the robustness
of the optimal result. The frequency stability of the optimal design
is studied by optimizing at a resonance frequency and studying the
noise reduction characteristics for a range of frequencies changing
only the voltage applied to the actuators.

Modeling and Theory
A rectangular plate with piezoelectric actuators is built into an

in® nite baf¯ e and an acoustic pressure disturbance is applied to
the bottom of the plate (Fig. 1). Two separate stages of analysis of
the problem are considered.First, the structural response generated
by the acoustical pressure load using the ® nite element analysis is
computedneglectingthe in¯ uenceof theacousticmedium above the
plate. Next the radiated sound pressure and the total radiated sound
power are found using the surface displacements of the structure
resulting from the ® nite element analysis as the source terms in the
integrand of a Helmholtz integral representation.

In the ® nite element model for the structure, three-dimensional
piezoelectricelements are used in the piezoelectricregionsand their
neighbors and ¯ at shell elements are used for the remaining part of
the plate structureand transitionelementsconnectthe shell elements
and three dimensional solid elements (see Fig. 2).

Formulation for the Piezoelectric Actuators and Structure
To solve the response of the structure, the ® nite element method

is adopted because this method can be used for arbitrary geometry
and includes the anisotropicpropertiesof the piezoelectricmaterial.
Finite element equations of a piezoelectric actuator embedded on a
structure has already been formulated22 , 23 and can be written as

( ¡ x 2 [M 0

0 0] + [Kuu Ku u

KT
u u Ku u ]) {U

U } = {F

Q} (1)

There is no distinctionbetween the piezoelectricmedium and struc-
tural medium in applying Eq. (1) except that the piezoelectric cou-
pling matrix and the dielectric stiffness matrix are zero in the struc-
ture. The stiffness and mass matrices of ¯ at shell and transition
elements for the structure are already described in the previous
work.21 , 30 The present work referred to ® nite element formulations
in Refs. 24±26. The acoustic pressure distribution applied to the
bottom of the plate is converted into the point forces and the elec-
trical potential is applied across the electrodes of the piezoelectric
actuators.

Acoustic Pressure Loading

The actual distribution of acoustic pressure disturbance on the
structureis hard to determine.Therefore,differentpatternsof acous-
tic loads thathave the same total input power havebeen investigated:
constant, random, Bessel function of zero order, Bessel function of

20-node three-dimen-
sional element

13-node transition
element

9-node shell
element

Fig. 2 Three-dimensional, transition, and shell ® nite elements.

® rst order, and the sound ® eld distribution produced in an acousti-
cally hard box. The pressuredistributionin an acousticallyhard box
is expressed in terms of a modal superpositionand evaluated on the
top surface of the box of dimensions 305 £ 305 £ 305 mm when
an acoustic point source is located at the bottom center of the box.
In the optimal design procedure,constant acoustic pressure loading
is assumed, and after ® nding an optimal con® guration, other load-
ing conditions are examined to show the robustness of the design
result for suppressing or reducing radiated noise to the exterior of
the box.

Radiated Sound Pressure and Total Radiated Sound Power
Finite element analysis is used to compute the normal displace-

ments, n . u, on the top surface of the structure S, which can then
be used to compute the cost function in terms of the radiated sound
energy. We assume that the plate is built into an in® nite baf¯ e. This
assumption may not be true in real problems. However, its results
can give some physical insight in controlling radiated sound from
real enclosures.Using the normal displacement on the surface S of
a vibrating structure, the radiated pressure can be expressed as

p(r) = ¡
q x 2

4p *
s

u(rs)
eik R

R
ds (2)

Equation (2) is solved numerically by a commonly used Gauss nu-
merical integration scheme.

The goal of optimal design in this paper is to minimize the sound
radiated from the structure.There could be several ways to describe
this goal. In the ideal case, the radiated sound pressure should be
minimized at every point. However, this is not so easy. Therefore, a
more global approach is used. The total radiated sound power on a
hemispherical surface of radius r is de® ned as the cost function that
is to be minimized. It is given by

Wtot = * 2p

0
* p 2

0

j p(r) j 2
2 q c

r 2 sin h dh d u (3)

This integral is computed by using an extended Simpson numerical
integration rule27 for the dual integration on the h and u variables
on a surface of constant radius r .

Automatic Mesh Generation
For optimal design of smart structures, the locations, sizes, and

gains of the piezoelectricactuators must be varied. One of the chal-
lenges in the design is the need for an automatic mesh generation
program to allow for arbitrariness in the locations and sizes of the
piezoelectric devices. By moving a mesh template that includes a
piezoelectricdevice, we have developedan automatic mesh genera-
tion program.This is similar to the domainparameterizationmethod
that is introduced for the treatment of shape variation problems.28

The plate structure is assumed to be of ¯ at, rectangular shape, and
two circular disk-shaped piezoelectric elements are considered to
be mounted on one side of the plate. Most of the plate structure is
meshed by using a nine-node plate element except for the piezo-
electric devices and small neighboring regions, which are modeled
by the element template. Figure 3 shows the layout of the plate and
detailsof theelement template.The templateincludesthemost com-
plicatedpart of the mesh with a combinationof elementsÐ20-node
three-dimensional, 13-node transition, and 9-node plate elements.
The size of template is determined by the length BSIDE, which is
proportional to the radius of the piezoelectricpatch. Two piezoelec-
tric devices are allowed to move on the ¯ at plate with the assump-
tion that the templates never overlap, so that the template shape is
not changed. Under these conditions, automatic node and element
generation algorithms are developed. Details of the algorithms are
shown in Appendix A.

Optimization
When the piezoelectricactuatorsare used for activenoise control,

there are many undeterminedfactors:number, locations, sizes of the
actuators, and the excitation voltages. These can be taken as design
variables in the optimization procedure. For simplicity, the number
of piezoelectricdevices is restricted to two. This results in a total of
10 design variables.
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Fig. 3 Finite elements for plate structure with piezoelectric actuators.

The objectivefunctionin optimaldesignis the total radiatedsound
power,

W = min Wtot(b, s) (4)

Design variables are automatically changed to achieve the goal and
these variables should be restricted in some manner to be practical.
For this, inequality conditions are used, such as

L i ·bi ·Ui (5)

The preceding inequality conditions can be expressed as two in-
equality constraints

g(i ¡ 1) ¤ 2 + 1 = bi ¡ L i , gi ¤ 2 = Ui ¡ bi (6)

Another inequality constraint is that the templates for the piezo-
electric devices do not overlap. Therefore, a total of 21 inequality
constraints are involved.

Figure 4 shows the ¯ owchart of the optimal design procedure.
With the constant acoustic pressure loading and activated piezo-
electric actuators, the response of the structure is found using the
® nite element method. From this response, the sound radiated from
the structure and the total radiated sound power is calculated. Op-
timization is performed until the result has converged yielding the
required value of the cost function.29 A sequentially unconstrained
minimization technique is used for the constraints, and Powell’s
method is applied to ® nd the minimum point in each unconstrained
minimum search. A feature of this programis the automatic genera-
tion of weighting factors for the inequality and equality constraints
functions such that all constraints are normalized at the base point.
This tends to reduce the possibility that one or more of the con-
straints will dominate the penalty function.Because Powell’s direct
search method in unconstrainedminimization problems is incorpo-
rated in this program, it does not require the derivation or use of
partial derivatives of objective function and constraints.

Fig. 4 Flowchart for the optimization algorithm

Numerical Examples
A square aluminum plate in an in® nite baf¯ e is considered

(Fig. 1). An acoustic pressure load is applied at the bottom of the
plate and piezoelectric actuators are bonded on top of the plate.
The size of the aluminum plate is 305 £ 305 mm and the thick-
ness is 0.8 mm. The material properties of PZT-5 (lead zirconate
titanate) are used for the piezoelectric actuators (material proper-
ties are listed on Appendix B). Clamped boundary conditions are
used for the outside edges of the plate. To model the plate, shell and
three-dimensionalsolid elements with transition elements that can
connect shell and solid regions are adopted. The accuracy of this
modeling approach has been shown in previous work.15, 16

Automatic Mesh Generation

An automatic mesh generation program has been developed to
allow for variations in the locations of the piezoelectric devices.
Given the locations, radii, and thicknesses of piezoelectric devices
and the size ratio of template vs radius of piezoelectric devices
(BSIDE), nodal coordinatesand element connectivityare generated
automatically. This program is applicable to a ¯ at plate structure
with two circular piezoelectric devices on one side of the plate.
For more general problems, such as multiple piezoelectricelements
attached to both sides of the plate, curved structures, and arbitrary
shapes of piezoelectricdevices, some modi® cations of the program
will be necessary.

Modal Characteristics of the Structure
Before performing the optimal design, the natural frequencies

of the structure are determined to ® nd the contribution of the dif-
ferent modes to the radiated noise. For example, when the noise
frequency is matched with the natural frequency of the structure,
the mode correspondingto the natural frequencyhas a dominant ef-
fect on the vibration and perhaps the radiated noise. At a resonance
frequency, many successful attempts at noise reduction have been
reported.6,7,13 ¡ 16 However, once the excitationfrequencyis far from
the natural frequency, the vibration of the structure is not affected
by a dominant natural mode but by a combination of many natural
modes. This means that to control the noise radiation at an off-
resonance frequency, related natural modes should be controlled,
which is more dif® cult than the on-resonancecase.

When the piezoelectric actuators are mounted on the plate, the
natural frequencies will be changed because the stiffness as well as
the mass matrices are different. Also the natural frequency will be
altered when the locationand size of the actuatorsare changed.Fur-
thermore,when thepiezoelectricactuatorsare activated,the stiffness
matrix is also slightly changed. This means the piezoelectric active
structures are no longer static structures that have ® xed values of
stiffness, mass, and damping. Therefore, when the active behavior
of the piezoelectric actuators are considered, it is not so easy to
® nd the natural frequency of the piezoelectric active structures. In
contrast, this adjustmentof the propertiesof the piezoelectricactive
structurescan be a possible solution in the control of radiatednoise.

Although the exact natural frequenciesof the piezoelectricactive
structures are dif® cult to ® nd, the theoretical natural frequenciesof
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Table 1 Natural frequencies
of the aluminum plate

in the absence of PZT actuators

Mode Frequency

1, 1 74.06
2, 1 151.05
2, 2 222.71
1, 3 270.90
3, 1 272.01
3, 2 339.55
3, 3 452.74
4, 1 433.18
4, 2 499.37
4, 3 609.86

Table 2 Initial condition and optimized result at resonance,
f = 270 Hz

Design Initial Intermediate Optimal
variables condition result result

b1(x01) 90 mm 81.05 mm 75.47 mm
b2(y01) 90 mm 79.81 mm 82.92 mm
b3(x02) 210 mm 219.64 mm 204.9 mm
b4(y02) 210 mm 218.37 mm 206.1 mm
b5(r1) 10 mm 8.87 mm 9.51 mm
b6(r2) 10 mm 9.44 mm 9.57 mm
b7(t1) 1 mm 1.01 mm 1.0 mm
b8(t2) 1 mm 0.96 mm 1.24 mm
b9( w 1) 10 V 17.21 V 39.25 V
b10( w 2) 10 V 17.84 V 4.94 V
Objective function- 0.105 £ E±6 0.2783 £ E±7 0.9108 £ E±9

radiated sound (30.74 dB) (24.96 dB) (10.1 dB)
power, dB

the bare plate can be considered as reference values. Table 1 shows
these values.31 The size and material property of the plate structure
are the same as before. The fourth and ® fth natural frequencies are
closely spaced (270 and 272 Hz) and correspond to (1, 3) and (3, 1)
modes. For design at an on-resonance frequency, 270 Hz is chosen
and 300 Hz is selected for the off-resonancedesign attempt.

Optimal Design at f = 270 Hz (On Resonance)

In the previous studies,15 , 16 it was found that the optimal design
with one piezoelectric device gives good results within a limited
frequency range, up to 200 Hz. To cover higher frequencies, a de-
sign attempt with two piezoelectric actuators is proposed and the
design is optimized at the fourth resonance frequency (270 Hz).
Design variables are bounded as follows: 50 mm < b1, b2, b3, b4
(locations of piezoelectric devices) < 250 mm, 5 mm < b5, b6
(radius of piezoelectricdevices)< 15 mm, 0.5 mm < b7, b8 (thick-
ness of piezoelectric devices) < 1.5 mm, and ¡ 150 V < b9, b10
(amplitudes of applied voltages) < 150 V. The applied voltages on
the piezoelectric actuators is out of phase with respect to the noise
source, which means negative gain in displacement feedback.

As previouslydescribed, ® ve different types of acoustic pressure
load are considered. In the optimal design, a constant pressure load
(p = 2 Pa) is assumed ® rst, and after ® nding an optimal con® gura-
tion, other loading conditions are examined with the optimal result.
In applying different acoustic loading conditions, the input powers
are con® ned to the same value. Table 2 shows the initial values of
the design parameters and their optimized values. An intermediate
result is shown in Table 2 during the optimization procedure. The
value of the objective function is the total radiated power (watts)
represented in decibel scale with a reference of 10¡ 12 W.

Figure 5 represents the normal displacements at the top of the
plate at the initial design parameters, and Figs. 6 and 7 show these
displacementsat the intermediateand optimal results.The vibration
of the plate is reduced signi® cantly by optimally designing the size
of the PZT actuators and the voltages applied to them. Although
the maximum normal displacementson top of the plate are not very
different in Figs. 6 and 7, according to Table 2, the optimized result
shows better reduction in total radiated power than the intermediate
result.This can be explainedby the fact that in the sound radiationof
the ¯ atplatestructure,cornersor edgescontributesigni® cantlyto the

Fig. 5 Normal displacements at the top of the plate: initial condition,
f = 270 Hz.

Fig. 6 Normal displacements at the top of the plate: intermediate re-
sult, f = 270 Hz.

Fig. 7 Normal displacement at the top of the plate: optimal result,
f = 270 Hz.

radiation.32 Therefore, from the initial design stage, it is preferable
to reduce the four peripheral peaks rather than the central peak for
this mode of the plate for minimizing the radiated sound energy.
The optimal result in Table 2 proves this fact.

In the optimal design result, the sizes of the PZT actuators are
not changed very much. Another encouragingresult is that the am-
plitudes of the voltages needed for the PZT actuators are less than
40 V, which is not high, and it still minimizes the radiated sound.
By optimally designing the PZT actuators, the total radiated power
at an on-resonance frequency is reduced by 20 dB or more.

To check the robustness of the optimized result, four different
loading conditionspreviouslymentionedare examined with the op-
timized con® guration (Table 3). In the constant loading case, 20 dB
reduction is achieved, whereas in the random and Bessel function
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Table 3 Effect of different acoustic loading
conditions on the optimal result

Loading condition Total radiated power

A (constant) 0.9108 £ E±9 (10.10 dB)
B (random) 0.9596 £ E±9 (10.34 dB)
C (Bessel 0) 0.9558 £ E±9 (10.32 dB)
D (Bessel 1) 0.7178 £ E±9 (9.08 dB)
E (hard box) 0.6934. £ E±9 (8.92 dB)

Table 4 Optimal design result for off-resonance frequency, 300 Hz

Design variables Initial design Intermediate result Optimal result

b1(x01) 90 mm 80.09 mm 65.75 mm
b2(y01) 90 mm 79.01 mm 59.28 mm
b3(x02) 210 mm 186.46 mm 220.4 mm
b4(y02) 210 mm 218.39 mm 242.6 mm
b5(r1) 10 mm 11.04 mm 11.19 mm
b6(r2) 10 mm 10.42 mm 11.76 mm
b7(t1) 1 mm 0.88 mm 1.10 mm
b8(t2) 1 mm 0.92 mm 1129 mm
b9( j u j 1) 10 V 45.91 V 66.82 V
b10( j u j 2) 10 V 9.86 V 19.1 V
Objective 0.903E±6 0.2024 £ E±8 0.9253 £ E±9

function, W (40.08 dB) (13.58 dB) (10.18 dB)

Table 5 Effect of different acoustic loads
on the optimal result at f = 300 Hz

Loading condition Total radiated power

A (constant) 0.925 £ 10±9 (10.18 dB)
B (random) 0.919 £ 10±9 (10.16 dB)
C (Bessel 0) 0.356 £ 10±8 (12.62 dB)
D (Bessel 1) 0.160 £ 10±8 (12.80 dB)
E (hard box) 0.918 £ 10±9 (10.15 dB)

cases, 20±21 dB reduction is observed. In the acousticallyhard box
case, the reduction is 21 dB.

The reason why more reduction is obtained for the acoustically
hard box case rather than the random and Bessel function cases is
that the excitation frequency, 270 Hz, is close to the natural fre-
quency of the fourth mode of the plate and the acoustic pressure
distribution in the acoustically hard box is described as a trigono-
metric function at this frequency.33 In other words, the acoustical
energy in the box is closely coupled with the structural vibration;
thus this close coupling results in the reduction of noise by struc-
tural vibration control. In conclusion,with the optimal design of the
piezoelectricactive structure,at least 20 dB radiatednoise reduction
can be obtained when the noise frequency is 270 Hz.

Optimal Design at f = 300 Hz (Off Resonance)

An attempthas beenmade to evaluatethe feasibilityof activelyre-
ducing the radiatedsound at an off-resonancefrequency.It is known
that this is a dif® cult problem. The excitation is at 300 Hz, the lower
resonance frequency is at 272 Hz, and the next higher resonance is
at 339 Hz; thus, this frequency is chosen to be between two modes.
The loading condition,size of the plate, and the propertiesof piezo-
electricmaterial are the sameas in the previouscase of on-resonance
excitation. Table 4 shows the initial, intermediate, and optimal re-
sults. The radii and thicknesses of piezoelectric actuators in the
optimal result show a slight increase. Figures 8±11 represent the
normal displacements at the top of the plate for the initial, inter-
mediate, and optimal results, respectively.As mentionedpreviously
regarding optimal locations of the piezoelectricactuators, when the
excitation frequency is off resonance, 300 Hz, the same philosophy
in reducing radiated sound energy can be applied.

To check the robustness of the optimized result, four different
loading conditions are also examined with the optimized con® gu-
ration (Table 5). In the constant, random, and acoustically hard box
loading cases, 30 dB reduction is achieved, whereas in the Bessel
function cases, 27.5±28 dB reduction is observed. It is also noticed
that startingwith an initial con® gurationwith the two PZT actuators
located on the diagonal of the plate, upon optimization at 270 Hz

Fig. 8 Normal displacement at the top of the plate: initial design,
f = 300 Hz.

Fig. 9 Normal displacement at the top of the plate: intermediate result,
f = 300 Hz.

Fig. 10 Normal displacement at the top of the plate: optimal result,
f = 300 Hz.

(on resonance) and at 300 Hz (off resonance), the actuators moved
toward the clamped edge of the plate as may be observed from
Tables 2±4. In the off-resonancecase, more than 28 dB reduction in
radiated sound power is achieved.

Robustness of the Design Con® guration in a Bandwidth of Excitation
Frequencies

Accordingto the previousoptimal design results,20±30 dB noise
reduction can be achieved at both on- and off-resonance frequen-
cies. However, the optimallydesignedcon® gurationshows different
con® gurations of the piezoelectricactuators.This is impractical be-
cause in practice the noise frequency can change, but the location
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Table 6 Total radiated sound power
at different frequencies

Frequency, Object
Hz j f j 1, V j f j 2, V function, W

150 139.5 149.2 26.84 dB
200 164 160 14.50 dB
250 4.44 ¡ 9.09 0.90 dB
270 39.25 4.94 10.1 dB
300 80.38 9.32 15.46 dB
350 102.67 ¡ 87.26 14.64 dB
400 75.33 45.89 22.38 dB
450 8.68 ¡ 9.43 31.92 dB

Fig. 11 Robustness of optimal design result at different frequencies.

and size of the actuators are dif® cult to change once they are af-
® xed to the structure. Only the actuator voltages can be changed in
practice if the noise frequencychanges. Therefore, another attempt
for checking the robustness of the optimal result at different fre-
quencies has been made. At ® rst, the optimal con® guration found at
f = 270 Hz is chosen and the noise frequencyis varied from 200 to
400 Hz, and only the applied voltage on the piezoelectric actuators
are optimally adjusted. The acoustic pressure loading condition is
assumed to be constant. By adjusting the actuator voltages at each
frequency, the frequency bandwidth in which the radiated sound
can be reduced with just two actuators is determined.Table 6 shows
this result. Figure 11 represents the difference between the results
when the optimized actuator voltagesare applied and the passive re-
sponse of the structureat the different excitationfrequencies.When
the frequency is below 150 and or above 450 Hz, it is not possi-
ble to reduce the radiated sound by adjusting voltages on just two
actuators. This de® nes the frequency band for the given design.
With the con® guration optimally designed at f = 270 Hz, the ra-
diated noise can be reduced 30±10 dB in the frequency range of
200±400 Hz.

Conclusions
For reduction of radiated noise from a structure, optimal design

of the sizes, locations, and applied voltages of two circular disk-
shaped piezoelectric actuators on a ¯ at plate structure has been
studied. The ® nite element method, which uses a combination of
three-dimensional piezoelectric, ¯ at shell, and transition ® nite el-
ements, is used to model the piezoelectric active structure. This
approachhas merits in terms of accuracy and economy in modeling
even large-scaleof piezoelectricactive structures.The main contri-
butions in this paper are 1) automatic mesh generation that allows
for the movement of the piezoelectricactuatorsduring optimization
andautomaticallysatis® es the appropriateelectricaland mechanical
boundary conditions on the actuator as it moves, 2) radiated noise
reduction at on and off resonance and for a large frequency range,
and 3) the use of circular disk actuators and optimizationof the size
and thickness of the actuators as well as their locations. The auto-
matic mesh and boundary condition generation program is based

on the idea of moving mesh templates for complicated regions near
piezoelectric actuators.

The objective function that is minimized in the optimizationpro-
cedure is the total sound power radiated from the structure. Sig-
ni® cant reduction of radiated noise is observed both at on- and
off-resonance frequencies. Optimal locations of the piezoelectric
actuators tend to be near the corners of the plate rather than the
center of the plate. This makes sense because edges or corners of
¯ at plates contribute signi® cantly to radiation at a ® xed frequency.
To ® nd the applicability of this approach to a band of frequencies
rather than just at a single frequency, the excitation frequency is
varied and it is observed that good reduction of the radiated noise
can be achieved by adjusting just the voltages applied to the actua-
tors. In the optimal con® gurationsof the piezoelectricactuators, the
required voltages are low, and hence it is eminently practical.

To resolve the dif® culty of ® nding the true acousticpressure load-
ing in structuralacoustic problems, the load distribution is assumed
to be a constant and several different patterns of pressure loading
conditions are examined to verify the validity of the result. When
different acoustic loading functions are tested, some degradation
of the objective function is observed but the results are still very
acceptable.

In the optimization procedure, a nonderivative based uncon-
strained minimization technique is used because there is no over-
head to evaluate derivatives of the objective function with respect
to the design variables. However, in contrast, this technique takes
too much time to converge. Therefore, sensitivity analysis for the
radiated sound power and the ® nite element equation of piezo-
electric active structures with variable locations of the actuators is
necessary.

Appendix A: Automatic Mesh Generation Algorithm
Node Generation

1) Generate the nodes for templates 1 and 2 from the given radii
and locations of piezoelectric devices and store them. Nodes are
automatically generated when the locations are given. The size of
the template is proportional to the radius of the piezoelectricdevice
and is of rectangular shape.

2) Project the outlines of the two templates onto the four sides of
the plate. The attribute arrays for the discretized points are accord-
ing to the following logic: 0 = ordinary point (no intersection with
template), 1 = template 1 territory (this point interferes with tem-
plate 1), 2 = template 2 territory (this point interferes with template
2), and 3 = territorybetween template 1 and 2 (when two templates
are overlapping in the other direction).

3) Divide each side and assign attributes for discretized points.
When the point attribute is 0, the distance of points that have 0
attribute consecutively is divided by the given minimum element
size and the number of division is truncated. When the attribute is
1 or 2, coordinatesare copied from the correspondingtemplate and
when the attribute value is 3, the division is performed in the same
manner as the 0 attribute case.

4) If two templates contact one another in the x direction, make
X3PT that takes into account the discretized points at the contact
line.

5) Sweep the IX1CH values as well as IY1CH to generate nodes
for the plate elements.

Element Generation

Element generation is somewhat simpler than node generation.
Two element templates are generated from the leading node array
of each template. The leading node array holds the nodal numbers
of the left side of the template and is generated during the node
generation procedure. While sweeping indices in x and y direc-
tions, if there is a template, copy elements from the element tem-
plate corresponding to the attribute and otherwise generate plate
elements.

Appendix B: Material Properties
1) Aluminum: (structure material) Young’s modulus = 68 GPa,

Poisson’s ratio = 0.32, density = 2800 Kg/m3 .
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2) PZT-5H: (piezoelectric devices) density = 7500 kg/m3 . The
elastic property matrix with constant electric ® eld is

C =

é
êêêêêêêë

12.6 7.95 8.41 0 0 0

12.6 8.41 0 0 0

11.7 0 0 0

2.33 0 0

sym 2.3 0

2.3

ù úúúúúúúû
£ 1010

The piezoelectric strain matrix is

hT = é
êë

0 0 0 0 0 17

0 0 0 0 17 0

¡ 6.5 ¡ 6.5 23.3 0 0 0

ù úû
The dielectric property matrix with constant strain is

b = é
êë

1.503 0 0

0 1.503 0

0 0 1.3

ù úû
£ 10¡ 8
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